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KA¨HLER-EINSTEIN METRICS
GA´BOR SZE´KELYHIDI
Dedicated to Sir Simon Donaldson on the occasion of his 60th birthday
Abstract. We survey the theory of Ka¨hler-Einstein metrics, with particular
focus on the circle of ideas surrounding the Yau-Tian-Donaldson conjecture
for Fano manifolds.
1. Introduction
A starting point in the study of Ka¨hler-Einstein metrics is Ka¨hler’s observa-
tion [104], that for Hermitian metrics satisfying what is now known as the Ka¨hler
condition, the Einstein equations reduce to a scalar complex Monge-Ampe`re equa-
tion. Over the many decades since, the field has grown into a very rich subject
with deep connections to nonlinear PDE, geometric analysis, complex algebraic ge-
ometry, string theory, and others. The goal of this survey is to give an overview
of some of these developments and in particular to showcase the diverse ideas that
have been brought to bear on the problem.
Let us start with Ka¨hler’s observation, and consider a Hermitian metric gjk¯ on
a complex manifold M . The associated (1,1)-form, or Ka¨hler form, is defined to be
ω =
√−1gjk¯dzj ∧ dz¯k
in local coordinates, and the metric g is Ka¨hler if dω = 0. Ka¨hler showed that in
this case we can locally write the metric g in terms of a potential function φ:
gjk¯ =
∂2φ
∂zj∂z¯k
.
The Ricci curvature of g is then given by
Ricjk¯ = −
∂2
∂zj∂z¯k
log det(g),
and so we can obtain solutions of the Einstein equation Ric = λg, by solving the
scalar equation
det
(
∂2φ
∂zj∂z¯k
)
= e−λφ.
Under certain conditions Ka¨hler potentials exist globally, not just locally. Let
us suppose that M is compact. A Ka¨hler form ω on M defines a cohomology class
[ω] ∈ H2(M), and it is natural to consider, as Calabi [28] did, the space of all
Ka¨hler forms on M in a fixed cohomology class. The ∂∂¯-lemma states that any
other Ka¨hler form η ∈ [ω] can be written as
η = ω +
√−1∂∂¯φ
1
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for a function φ :M → R, and so the space of Ka¨hler metrics in a fixed cohomology
class are parametrized by scalar functions, in analogy with a conformal class in
Riemannian geometry.
A further important observation is that for any Ka¨hler metric g on M , its Ricci
form
Ric(g) =
√−1Rjk¯dzj ∧ dz¯k
is a closed form in the first Chern class c1(M). Calabi [28] conjectured that con-
versely any representative of c1(M) is the Ricci form of a unique Ka¨hler metric
in every Ka¨hler class. This fundamental conjecture was proven by Yau [177], by
solving the complex Monge-Ampe`re equation
(ω +
√−1∂∂¯φ)n = eF+cωn
for φ and a constant c, given a Ka¨hler form ω and function F . Perhaps the most
important case, which has had an enormous impact, is when c1(M) = 0. In this
case Yau’s result implies that every Ka¨hler class on M admits a unique Ricci flat
metric.
More generally, if we seek a Ka¨hler-Einstein metric ω satisfying Ric(ω) = λω,
then we must have c1(M) = λ[ω]. In particular if λ 6= 0, then either c1(M)
or −c1(M) must be a Ka¨hler class, and the cohomology class [ω] is uniquely de-
termined. When c1(M) is negative, then the works of Yau [177] and Aubin [9]
yield a Ka¨hler-Einstein metric on M . It was already known by Matsushima [126],
however, that when c1(M) is positive, i.e. M is Fano, then M can only admit a
Ka¨hler-Einstein metric if its holomorphic automorphism group is reductive. Later
Futaki [93] found a different obstruction stemming from the automorphism group,
showing that a certain numerical invariant F (v) must vanish for all holomorphic
vector fields v onM . These obstructions rule out the existence of a Ka¨hler-Einstein
metric on the blowup BlpP
2 for instance. On the other hand, Tian [165] showed
that in the case of Fano surfaces the reductivity of the automorphism group, or
alternatively the vanishing of Futaki’s obstruction, is actually sufficient for the ex-
istence of a Ka¨hler-Einstein metric.
At this point let us digress briefly on parallel developments in the theory of
holomorphic vector bundles. In algebraic geometry a basic problem is to construct
moduli spaces of various objects, for instance vector bundles over a curve. It turns
out that in general it is not possible to parametrize all vector bundles of a fixed
topological type with a nice space, but rather we need to restrict ourselves to
semistable bundles – a notion introduced by Mumford [127]. While this is a purely
algebro-geometric notion, it was shown by Narasimhan-Seshadri [129], and later
reproved by Donaldson [69], that stability has a differential geometric meaning:
an indecomposable vector bundle over a curve is stable if and only if it admits a
Hermitian metric with constant curvature. The Hitchin-Kobayashi correspondence,
proved by Donaldson [70, 71] and Uhlenbeck-Yau [173], is the higher dimensional
generalization of this, stating that an indecomposable vector bundle is stable if and
only if it admits a Hermitian-Einstein metric. There is a particularly rich interplay
between this result for complex surfaces and Donaldson theory [85] for smooth
four-manifolds.
In analogy with these results on vector bundles, Yau [178] conjectured that the
existence of a Ka¨hler-Einstein metric on a Fano manifoldM should be related to the
stability of M in a suitable sense. This conjecture was made precise by Tian [166],
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who generalized Futaki’s obstruction [93] to the notion of K-stability: Tian showed
(see also Ding-Tian [65]) that given any C∗-equivariant family π : X → C with
generic fiber Xt ∼= M , and Q-Fano central fiber X0, the Futaki invariant F (X) of
the induced vector field on the central fiber can be defined. The Q-Fano condition
here means that X0 is a normal variety with Q-Cartier anticanonical divisor, and
this assumption allows for a differential-geometric definition of F (X). Tian showed
moreover that if M admits a Ka¨hler-Einstein metric, then F (X) ≥ 0 for all such
families, with equality only if X is a product. This obstruction is called K-stability,
and it is a far reaching generalization of Futaki’s obstruction. Indeed the latter can
be viewed as a special case using only product families.
The Donaldson-Uhlenbeck-Yau theorem and Yau and Tian’s conjectures on the
existence of Ka¨hler-Einstein metrics can be seen as two instances of a relation-
ship between quotient constructions in symplectic and algebraic geometry, due to
Kempf-Ness [106]. This is because in both settings the geometric structure we seek,
a Hermitian-Einstein metric or a Ka¨hler-Einstein metric, can be viewed as a zero
of a moment map. This was discovered by Atiyah-Bott [8] for vector bundles over
curves, and independently by Fujiki [90] and Donaldson [72] for Ka¨hler-Einstein
metrics. In fact even more generally, constant scalar curvature Ka¨hler metrics, and
the extremal Ka¨hler metrics introduced by Calabi [29] fit into this framework.
Motivated by this, Donaldson [77] introduced a generalization of K-stability for
any pair (M,L) of a projective manifold M equipped with an ample line bundle
L. The definition is similar to Tian’s notion, in that we need to consider C∗-
equivariant degenerations π : X → C of M , compatible with the polarization L of
M . The central fiber, however, is allowed to be a singular scheme, and the corre-
sponding numerical invariant, the Donaldson-Futaki invariant DF (X), is defined
purely algebraically. In this generality we have
Conjecture 1 (Yau-Tian-Donaldson). The manifold M admits a constant scalar
curvature Ka¨hler metric in c1(L), if and only if the pair (M,L) is K-stable.
The conjecture can be extended [158] to characterize the existence of extremal
metrics, and there are also variants for more general “twisted” equations by Der-
van [62]. One direction of the conjecture is fairly well understood, namely that
the existence of a constant scalar curvature metric implies K-stability (see e.g.
Tian [166], Donaldson [75, 78] and Stoppa [155], Berman-Darvas-Lu [19]), however
the converse in general is wide open at present.
The main subject of this survey is the case when M is a Fano manifold and
L = −KM , since then a constant scalar curvature metric in c1(L) is actually Ka¨hler-
Einstein. In this case Chen-Donaldson-Sun [41, 42, 43, 44] proved the following
breakthrough result.
Theorem 2. A Fano manifold M admits a Ka¨hler-Einstein metric if and only if
(M,−KM ) is K-stable.
Our aim in this survey is not so much to describe the proof of this result, but
rather to highlight the diversity of ideas that are in some way related to the Yau-
Tian-Donaldson conjecture. There are several other excellent surveys on the sub-
ject, such as those of Thomas [162], Phong-Sturm [139] and Eyssidieux [86], with
a focus on different aspects of the theory.
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The solution of the conjecture in the Fano case has certainly closed a chapter,
but it has also set the scene for a great deal of further development, much of which
is likely yet to come.
Acknowledgements. It is my pleasure to thank Simon Donaldson for his advice
and support over the years – it would be hard to overstate the influence that his
ideas and approach to mathematics have had on my interests.
I also thank Julius Ross and Valentino Tosatti for helpful comments on this
survey. This work was supported in part by NSF grant DMS-1350696.
2. The moment map picture
In this section we describe how the scalar curvature of a Ka¨hler metric can be
viewed as an infinite dimensional moment map, following Donaldson [72]. This
point of view is invaluable in building intuition for the problem, and in retrospect
it motivates many of the basic constructions and results that were known before-
hand. We will keep the discussion at a formal level, and not delve into the precise
definitions relating to infinite dimensional manifolds.
Let (X,ω) denote a compact symplectic manifold, such that H1(X) = 0 for
simplicity. Let J be the space of almost complex structures on X , compatible
with ω. The space J has a natural complex structure, and each tangent space
TJJ is equipped with the L2-inner product given by the metric gJ(·, ·) = ω(·, J ·).
This structure turns J into an infinite dimensional Ka¨hler manifold, and the group
G = Ham(X,ω) of Hamiltonian symplectomorphisms acts on J , preserving this
Ka¨hler structure. We identify the Lie algebra of G with the functions C∞0 (X) with
zero mean on X with respect to the volume form ωn, through the Hamiltonian
construction. We further identify C∞0 (X) with its dual using the L
2 inner product.
The key calculation is the following.
Proposition 3 (Fujiki [90], Donaldson [72]). A moment map for the action of G
on J is given by
µ : J → C∞0 (X)
J 7→ S − SJ ,
where SJ is the scalar curvature of the metric gJ whenever J is integrable, and S
is its average, which is independent of J .
In particular an integrable complex structure J satisfies µ(J) = 0 if and only
if the Ka¨hler metric gJ on X has constant scalar curvature. The precise meaning
of this result is an identity relating the linearization of the scalar curvature SJ
under varying the complex structure J , and the infinitesimal action of Hamiltonian
symplectomorphisms on J . Indeed, let h ∈ C∞0 (M), and let A ∈ TJJ be an
infinitesimal variation of J . The variation of J by the Hamiltonian vector field vh
is the Lie derivative LvhJ , and we write DSJ(A) for the variation of the scalar
curvature SJ in the direction A. The content of Proposition 3 is the identity
〈DSJ(A), h〉L2 = 〈JA,LvhJ〉L2 ,
which can be checked by direct calculation. See [90, 72, 167, 94] for the details.
Suppose for the moment that instead of the infinite dimensional group G acting
on J , we had a compact group G acting on a compact Ka¨hler manifold (V, ω),
with moment map µ. Let us assume that ω is the curvature form of a line bundle
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L→ V endowed with a Hermitian metric, and so V is in fact a projective manifold.
Let Gc denote the complexification of G, acting on V by biholomorphisms. The
Kempf-Ness theorem [106] says, in this finite dimensional situation, that a Gc-orbit
contains a zero of the moment map if and only if it is polystable. One way to define
polystability, that is useful in the infinite dimensional setting as well, is that an
orbit Gc · p is polystable if a suitable real valued G-invariant function is proper on
the orbit. More precisely we consider the function
(2.1)
f : Gc/G→ R
[g] 7→ log ‖g · pˆ‖,
defined using a G-invariant norm on V . Here pˆ ∈ L is a non-zero lift of p, and
we need a lift of the Gc-action to the total space of L in a way compatible with
the choice of moment map µ. The compatibility of the lift of the action with the
moment map µ can be expressed by the formula
(2.2) dfg·p(
√−1ξ) = 〈µ(g · p), ξ〉
for the variation of f , where g ∈ Gc, and ξ ∈ g. Note in particular that the critical
points of f are precisely zeros of the moment map.
Since the function f also turns out to be convex along geodesics in the symmetric
space Gc/G, it is clear that properness of f corresponds to the existence of a zero
of the moment map in the orbit Gc · p, at least if we ignore subtleties related to the
possible stabilizer of p. What is less clear, however, is that to verify whether f is
proper on Gc/G, it is enough to check whether f is proper along each geodesic ray
in Gc/G obtained from one-parameter subgroups C∗ ⊂ Gc. In fact it is enough to
consider only one-parameter subgroups of the form t 7→ e
√−1tξ for ξ ∈ g generating
a circle subgroup. For such a one-parameter subgroup we can test the properness
of f by computing the limit
(2.3) lim
t→∞
f ′(e
√−1tξ · p) = 〈µ(q), ξ〉,
where q = limt→∞ e
√−1tξ · p. Properness of f is then equivalent to 〈µ(q), ξ〉 > 0
whenever q 6∈ Gc ·p. This is in essence the Hilbert-Mumford numerical criterion for
stability, proved by Mumford [127], to which we refer the reader for the detailed
development of this theory.
Let us return to the infinite dimensional setting of the action of G on J . A first
issue is that the complexification Gc does not exist, but we can still try to interpret
what its orbits would be if it did. Indeed in each tangent space TJJ we have a
subspace spanned by elements of the form LvhJ giving the infinitesimal action of
Hamiltonian vector fields, and we can simply complexify this subspace. The orbits
of Gc then ought to be integral submanifolds of this distribution on J .
Note that ultimately we are interested in the metrics gJ determined by the pairs
(ω, J), and for any diffeomorphism f the metric given by (ω, f∗J) is isometric
to that given by ((f−1)∗ω, J). We can therefore switch our point of view from
studying different complex structures on a symplectic manifold (X,ω) to studying
different Ka¨hler forms on a complex manifold (X, J), as is more standard in Ka¨hler
geometry. To see what this corresponds to in terms of the complexified orbits of
G, note that when J is integrable, then JLvhJ = LJvhJ , and at the same time we
have the formula −LJvhω = 2
√−1∂∂h. Using the ∂∂¯-lemma we can interpret this
as saying that in our infinite dimensional setting the role of the symmetric space
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Gc/G is played by the space of Ka¨hler metrics in the Ka¨hler class [ω] (see [73]). In
conclusion the Kempf-Ness theorem suggests that the existence of a constant scalar
curvature metric in the Ka¨hler class [ω] is equivalent to stability of this class in a
suitable sense.
Let us see how this formal discussion motivates several of the basic constructions
in the field, which were actually discovered before the moment map picture was
understood:
2.1. The Mabuchi metric. In finite dimensions the metric on the symmetric
space Gc/G is given by an inner product on the Lie algebra g. In the infinite
dimensional setting we chose the L2 product on Hamiltonian functions, which by
the above discussion correspond to variations in the Ka¨hler potential. This leads to
a very natural Riemannian structure on the space of Ka¨hler metrics first introduced
by Mabuchi [124] and later rediscovered by Semmes [147] and Donaldson [73]. For
a compact Ka¨hler manifold (M,ω), Let us denote by
H = {φ ∈ C∞(M) : ω +√−1∂∂φ > 0}
the space of Ka¨hler potentials. For φ ∈ H let ωφ = ω +
√−1∂∂φ be the corre-
sponding Ka¨hler metric. When ω ∈ c1(L) for an ample line bundle L, then H can
also be thought of as the space of positively curved Hermitian metrics e−φ on L.
Each tangent space TφH can be identified with C∞(M), and the Mabuchi metric
is defined by simply taking the L2 inner product:
〈f, g〉φ =
∫
M
fg ωnφ .
One can show that this metric turns H, at least formally, into a non-positively
curved symmetric space.
Of great interest is the study of geodesics in H. A calculation shows that a path
φt ∈ H is a geodesic, if it satisfies the equation
φ¨t − 1
2
|∇φ˙t|2ωφt = 0.
An important observation due to Semmes and Donaldson, however, is that this
geodesic equation is equivalent to a homogeneous complex Monge-Ampe`re equation.
Indeed, let Aa,b = S
1 × (a, b) be a cylinder, and given a path φt ∈ H for a < t < b,
define the form
Ω = π∗ω +
√−1∂∂φt
on the product M × Aa,b. Here π : M × Aa,b → M is the projection, and
√−1∂∂
involves the variables on Aa,b as well. A calculation shows that φt is a geodesic
if and only if Ω is non-negative and Ωn+1 = 0, i.e. φt solves the homogeneous
complex Monge-Ampe`re equation onM×Aa,b. When a, b are finite we have geodesic
segments, while if a or b is infinite, then we have geodesic rays.
Since the equation Ωn+1 = 0 is degenerate elliptic, the regularity theory is very
subtle. Chen [47] showed that any two potentials φ0, φ1 ∈ H can be connected by a
unique weak geodesic φt, for which ∆φt is bounded, using the Laplacian onM×Aa,b
(see also B locki [23]). This was improved to a bound on |∇2φt| by Chu-Tosatti-
Weinkove [50] (see also Berman [15] for a weaker result in the projective case). It
turns out that these results are essentially optimal, since there are counterexamples
to the existence of smooth geodesics, by Lempert-Vivas [110] and Darvas [53] (see
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also Donaldson [76] and Ross-Witt Nystro¨m [144]). However even weak geodesics
are enough for many applications, as we will describe below.
2.2. The K-energy. In the finite dimensional setting we described how the exis-
tence of a zero of the moment map is related to properness of the log-norm func-
tional f in (2.1). In infinite dimensions this translates to the K-energy, defined
by Mabuchi [123]. The formula (2.2) for the variation of the log-norm functional
suggests that the K-energy K : H → R can be defined through its variation. If
φt ∈ H is a path, then
d
dt
K(φt) = 〈S − S(ωφt), φ˙t〉L2(ωφt)
=
∫
M
φ˙t(S − S(ωφt))ωnφt .
Mabuchi [124] showed that the K-energy is convex along smooth geodesics in H,
which we now see as a general result about the log-norm functionals. It is clear
from the definition that the critical points are constant scalar curvature metrics, and
Mabuchi also showed that if two critical points φ0, φ1 are connected by a smooth
geodesic, then the metrics ωφ0 and ωφ1 are isometric by an automorphism of M .
It was only much later that Berman-Berndtsson [17] showed that convexity holds
along weak geodesics, and as an application proved a general uniqueness result along
these lines. Note that uniqueness in various degrees of generality has been proven
previously using other methods, see for example [13, 75, 47, 22].
In the finite dimensional setting the existence of a critical point of the log-norm
functional is equivalent to its properness. Tian [166] showed that the analogous
result holds for Ka¨hler-Einstein metrics, characterizing their existence in terms of
properness of the K-energy in a suitable sense. See also Darvas-Rubinstein [55] for
a more precise properness statement in the Ka¨hler-Einstein case, in the presence
of automorphisms. In the general constant scalar curvature case Berman-Darvas-
Lu [19] showed one direction of this correspondence, namely that the existence of a
cscK metric implies properness of the K-energy, as was conjectured by Tian [167].
2.3. The Futaki invariant. A construction that predates both of the previous
ones is Futaki’s obstruction [93] to the existence of a Ka¨hler-Einstein metric on
a Fano manifold M , analogous to the Kazdan-Warner obstruction [105] for the
prescribed curvature problem on the 2-sphere.
In retrospect, Futaki’s obstruction can be viewed as the first glimpse of the
obstruction to Ka¨hler-Einstein metrics given by K-stability. Recall that in the
finite dimensional picture, polystability of p is related to the limit (2.3) of the
derivative of the log-norm functional along the orbit e
√−1tξ · pˆ of a one-parameter
subgroup. The simplest example is if ξ ∈ g is in the stabilizer of p, so that the
one-parameter subgroup simply acts on the line Lp. The quantity 〈µ(p), ξ〉 is then
the weight of this action, and polystability requires that this weight vanishes, since
otherwise the log-norm functional would not be bounded from below.
The infinite dimensional analog of this weight can be defined as follows. An
element ξ ∈ g in the stabilizer of a point p corresponds to a function h on M ,
whose Hamiltonian vector field vh preserves the complex structure of M as well,
i.e. vh is a holomorphic Killing field on (M,ω), and vh generates a circle action on
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M . The corresponding weight is then
(2.4) F (vh) =
∫
M
h(S − S(ω))ωn.
Futaki used a different, but essentially equivalent definition, and showed that F (vh)
only depends on the vector field vh, and not on the metric in the class [ω] used in
the formula. In addition the invariant can be defined for any holomorphic vector
field, not just those that generate circle actions. If M admits a constant scalar
curvature metric in the class [ω], then it is clear from the definition that F (v) = 0
for all holomorphic vector fields v.
Tian’s definition [65, 166] of K-stability is motivated by probing the properness
of the K-energy along more general families of metrics φt ∈ H. From the finite
dimensional picture it is most natural to consider geodesic rays, however this is
technically rather difficult. Instead Tian used families of metrics on M obtained
from embedding M ⊂ PN into a projective space, and then considering the restric-
tions of the Fubini-Study metrics σ∗t ωFS pulled back under a one-parameter family
of automorphisms σt of P
N . We will discuss this construction and others in more
detail in Section 3.
2.4. The Ding functional. The constructions in the previous subsections apply
to the general existence problem for constant scalar curvature metrics, not just
Ka¨hler-Einstein metrics. At the same time we will see that the Ka¨hler-Einstein
problem has several special features. One of these is an alternative variational
description of Ka¨hler-Einstein metrics as critical points of the Ding functional D
defined in [64]. Thinking of H as the space of positively curved metrics e−φ on
−KM , the variation of D along a path φt is defined to be
d
dt
D(φt) = − 1
V
∫
M
φ˙tω
n
φt +
∫
M
φ˙te
−φt∫
M e
−φt ,
where V is the volume with respect to ωn, and we can naturally think of e−φt as
defining volume forms on M . The critical points of this functional satisfy e−φ =
Cωnφ , so they are Ka¨hler-Einstein metrics.
The Ding functional has many analogous properties to the K-energy, such as
the convexity along weak geodesics proved by Berndtsson [22], but it has technical
advantages over the K-energy, since defining it requires less regularity of φ. Recently
Donaldson [68] gave a variation of the infinite dimensional moment map picture
discussed above, in which Berndtsson’s convexity result [21] gives rise to the Ka¨hler
structure on J , and the Ding functional corresponds to the log-norm functional.
The weight again recovers the Futaki invariant, and the existence of a Ka¨hler-
Einstein metric is related to properness of D by Tian [166].
3. K-stability
In this section we survey the concept of K-stability of a Fano manifold M , or
more generally a projective manifoldM with an ample line bundle L, from different
points of view. We first discuss the original notion for Fano manifolds, due to
Tian [166], which is fairly differential geometric. A much more algebro-geometric
definition for general pairs (M,L) was given by Donaldson [77]. In both of these
definitions one needs to consider C∗-equivariant degenerations of M , and the main
difference is that in Tian’s definition the central fiber is required to be a Q-Fano
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variety, whereas it can be an arbitrary scheme in Donaldson’s definition. This added
flexibility is needed when dealing with general polarized manifolds, but Li-Xu [118]
showed that in the Fano case the two notions of K-stability are equivalent. We will
now consider these two notions in more detail, along with a more analytic approach
through geodesic rays in H.
3.1. Tian’s definition. The first notion of K-stability was introduced by Tian [166],
in the context of Fano manifolds. As we have discussed in the previous section, Tian
showed that if a Fano manifold M admits a Ka¨hler-Einstein metric, then the K-
energy on the Ka¨hler class c1(M) is proper, and K-stability can be thought of as
probing this properness along certain families of metrics.
Suppose that we have a C∗-equivariant family of varieties π : X → C, with
generic fiber π−1(t) ∼= M for t 6= 0. Assume in addition that the central fiber is
normal, and that a power of the relative anticanonical line bundle on the regular
locus extends to a relatively ample line bundle on X . In this situation we call the
family X a special degeneration of M .
The C∗-action on such a special degeneration induces a C∗-action on the central
fiber X0 = π
−1(0). Using that X0 has relatively mild singularities, Tian (see also
Ding-Tian [65]) showed that one can define the Futaki invariant of this C∗-action
on X0 using a differential geometric formula similar to (2.4). This is then defined
to be the Futaki invariant F (X) of the special degeneration X . Note that any
C∗-action on the Fano manifold M gives rise to a product action on the trivial
family X = M × C, and the Futaki invariant of this family is simply the Futaki
invariant of the original C∗-action. At the same time there are infinitely many
special degenerations, even if M admits no C∗-actions.
In order to relate special degenerations to families of metrics and properness of
the K-energy, note that any special degeneration π : X → C for M can be realized
as a family in projective space. More precisely there is an embedding X ⊂ PN ×C,
such that the C∗-action on X is induced by the action of a one-parameter subgroup
σ : C∗ → SL(N + 1) on PN . Here M is embedded in PN × {1} using a basis of
sections of −rKM for a suitable r > 0. We can now define a family of metrics
ωt ∈ c1(M) by restricting the Fubini-Study metric to the non-zero fibers of X .
Equivalently we can write
(3.1) ωt =
1
r
σ∗e−tωFS |M .
Ding-Tian [65] showed that with suitable normalizing factors which we omit,
(3.2) lim
t→∞
d
dt
K(ωt) = F (X),
as suggested by (2.3) in the finite dimensional picture. Note, however, that the
family ωt is usually not a geodesic ray.
With these results in mind we have the following definition, due to Tian [166].
Definition 4. A Fano manifold M is K-stable, if F (X) ≥ 0 for all special degen-
erations X of M , with equality only for product degenerations.
In the same paper, Tian showed that if M admits a Ka¨hler-Einstein metric then
the K-energy is proper, and as a consequence he showed the following fundamental
result (see also Berman [16] for the case whenM admits holomorphic vector fields).
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Theorem 5. If a Fano manifold admits a Ka¨hler-Einstein metric, then it is K-
stable.
3.2. The Donaldson-Futaki invariant. The central fiber of a special degener-
ation has fairly mild singularities, and so a differential geometric definition of the
Futaki invariant was possible. On the other hand Donaldson [77] assigned an invari-
ant, called the Donaldson-Futaki invariant, to essentially arbitrary C∗-equivariant
degenerations of a polarized manifold (M,L), by giving a purely algebro-geometric
definition of the Futaki invariant for a C∗-action on any polarized scheme (V, L).
To give the definition, note that a C∗-action λ on (V, L) induces actions on the
spaces of sections H0(V, kL), and so in particular for each k we have a total weight
wk. For large k we have expansions
(3.3)
dimH0(V, kL) = a0k
n + a1k
n−1 + . . .
wk = b0k
n+1 + b1k
n + . . . ,
and the Donaldson-Futaki invariant of λ is defined to be
DF (λ) =
a1
a0
b0 − b1.
When V is smooth, the equivariant Riemann-Roch formula can be used to show
that this coincides with Futaki’s differential geometric definition.
Such polarized schemes with C∗-actions arise naturally as the central fibers of
test-configurations.
Definition 6. Let (M,L) be a polarized manifold. A test-configuration for (M,L)
with exponent r is a C∗-equivariant flat family π : (X,L) → C, such that L is
relatively ample, and
(π−1(t),L|pi−1(t)) ∼= (M, rL),
for any t 6= 0. In addition it is natural to require that the total space X is normal
(see Li-Xu [118] and Ross-Thomas [143]).
The Donaldson-Futaki invariant DF (X,L) of the test-configuration is defined to
be the Donaldson-Futaki invariant of the induced C∗-action on the central fiber.
Given this definition, K-stability can be defined as follows, in analogy with Def-
inition 4.
Definition 7. A polarized manifold (M,L) is K-stable, if DF (X,L) ≥ 0 for all
test-configurations for (M,L), with equality only if X ∼=M ×C.
Using this definition, the following result was shown by Stoppa [155], building
on work by Donaldson [78] and Arezzo-Pacard [6].
Theorem 8. Suppose that M admits a constant scalar curvature metric in c1(L),
and it has no nonzero holomorphic vector fields. Then (M,L) is K-stable.
The result can be extended to the case when M has holomorphic vector fields,
and also to extremal metrics (see [156], [19]). As we stated in the introduction, the
Yau-Tian-Donaldson conjecture is the converse of this result, saying that if (M,L)
is K-stable, then there is a constant scalar curvature metric in c1(L). However it
is likely that actually a stronger notion of stability is needed in general, in view
of examples of Apostolov-Calderbank-Gauduchon-Tønnesen-Friedman [5], that are
shown to be unstable in a suitable sense by Dervan [60]. One possibility for such a
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stronger stability notion is provided by the formalism of filtrations [160, 176], while
another is the concept of uniform K-stability [62, 25].
In order to compare Definitions 4 and 7, let us point out that it is fairly easy
to construct interesting test-configurations, which are not special degenerations,
using for instance deformation to the normal cone. This was explored in detail
by Ross-Thomas [143, 142]. One can simply take any subscheme Z ⊂ M , and let
X = BlZ×{0}M ×C, with a suitable relatively ample line bundle L. For instance
when Z is a smooth submanifold ofM , then the central fiber ofX will be isomorphic
to BlZM ∪PZ , where PZ = P(NZ ⊕C) is the projective completion of the normal
bundle of Z in M , and PZ is glued along its zero section to the blowup BlZM
along its exceptional divisor. In fact Odaka [130] showed that by blowing up “flag
ideals” of M × C instead of just subschemes, one can essentially recover all test-
configurations, and using this approach Odaka-Sano [133] and Dervan [61] were
able to prove the K-stability of certain varieties.
With this in mind, it appears that in the Fano case Definition 7 is more restrictive
than Tian’s Definition 4, since test-configurations are much more general than
special degenerations. It is quite remarkable then that for Fano manifolds the two
notions turn out to be equivalent. This was first proven by Li-Xu [118] purely
algebro-geometrically, using the minimal model program. Roughly speaking the
minimal model program allowed them to modify an arbitrary test-configuration into
a special degeneration, while controlling the sign of the Donaldson-Futaki invariant
at each step. A more differential geometric proof also follows from Chen-Donaldson-
Sun’s proof [41] of the YTD-conjecture for Fano manifolds.
One suggestive example is to consider a polarized toric manifold (M,L), with
Delzant polytope P . It is natural in this case to only allow torus equivariant test-
configurations. The only torus equivariant test-configurations with normal central
fiber are product configurations induced by a C∗-action onM and indeed, when M
is Fano, then Wang-Zhu [175] showed that the only obstruction to the existence of
a Ka¨hler-Einstein metric is that given by the Futaki invariants of these C∗-actions.
On the other hand, as shown by Donaldson [77], any rational piecewise linear convex
function on P gives rise to a test-configuration for (M,L) and there are (non-Fano)
examples where these give an obstruction to the existence of a cscK metric, not
detected by product configurations.
3.3. Intersection theoretic formula. An alternative formula for the Donaldson-
Futaki invariant in terms of intersection products has been very useful in more
algebro-geometric developments. It was observed by Wang [174], and it is also
related to the CM-polarization of Tian [166, 136]. To explain it, note that any test-
configuration (X,L) can be extended trivially at infinity to obtain a C∗-equivariant
family
(X,L)→ P1.
The line bundle L is relatively ample, and by taking the tensor product with a
line bundle pulled back from P1 we can assume that it is actually ample. A cal-
culation shows that in terms of this family the Donaldson-Futaki invariant of a
test-configuration of exponent r is
(3.4) DF (X,L) = n
n+ 1
µ(M, rL) (L)n+1 + Ln.KX/P1 ,
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using the intersection product on X. Here for a polarized variety (M,L), the
“slope” µ(M,L) is defined by
µ(M,L) =
−KM .Ln−1
Ln
,
and up to a constant multiple is it the average scalar curvature S of a Ka¨hler metric
in c1(L).
This reformulation of the Donaldson-Futaki invariant has various advantages, as
shown for instance in the works of Li-Xu [118], Odaka [131] and others. Here we just
mention one, namely the extension of K-stability to non-algebraic Ka¨hler manifolds
due to Dervan-Ross [63] and Sjo¨stro¨m Dyrefelt [150]. While the expansions (3.3)
do not make sense in the absence of a line bundle, one can make sense of the
intersection product (3.4) even in the Ka¨hler case.
3.4. Geodesic rays. In Section 2 we described how in the finite dimensional mo-
ment map picture, stability can be tested using geodesic rays in the symmetric
space Gc/G. Donaldson [73] formulated conjectures saying that in an analogous
way geodesic rays in H can be used to detect the existence of a constant scalar
curvature metric. Since that time there has been enormous progress on our under-
standing of geodesic rays, although these conjectures are still mostly open except
in the Fano case.
We have seen in (3.1) that a special degeneration or a test-configuration for M
gives rise to a path in the space H of Ka¨hler potentials. Unless we have a product
test-configuration, this path cannot be expected to be a geodesic ray in H, but
rather it is a geodesic in a finite dimensional space of Bergman metrics, i.e. those
obtained by restricting the Fubini-Study metric. It turns out that the relation
(3.2) between the Futaki invariant of a test-configuration and the asymptotic de-
rivative of the K-energy along the corresponding Bergman geodesic does not hold
for general test-configurations. The general formula for the limit has been obtained
by Paul [135] in terms of hyperdiscriminant and Chow polytopes, leading to an
alternative notion of stability.
To relate this to geodesic rays in H, note that a given test-configuration X for
M can be realized as a family in projective spaces of arbitrarily large dimension,
and in this way we obtain not one, but a whole sequence of Bergman geodesics of
metrics on M from X using the formula (3.1). Phong-Sturm [140] showed that one
can pass to a limit, and obtain a geodesic ray in H in a suitable weak sense, with
an arbitrary initial point φ0.
One can also directly construct such a weak geodesic ray in H from the test-
configuration X in the following way (see [7], [48], [141], [16] for this in various
degrees of generality). Let us denote by X∆ the family X restricted to the unit
disk ∆ ⊂ C. We use the “initial point” φ0 to define a metric e−φ0 on the line bundle
L over ∂X∆. The geodesic ray is then obtained by finding an S1-invariant metric
e−φ on L over X∆, with positive curvature current, and solving the homogeneous
complex Monge-Ampe`re equation (
√−1∂∂φ)n+1 = 0 on the interior of X∆, in the
sense of pluripotential theory. The existence of such a solution, and its regularity
properties are discussed by Phong-Sturm [141]. Over the punctured disk ∆∗ the
family X is biholomorphic to M ×∆∗, and so the metric e−φ on L induces a family
of metrics on L→M , which is the geodesic ray we were after.
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There has been a lot of work relating the behavior of the K-energy along such
a geodesic ray to the Donaldson-Futaki invariant of the test-configuration (see e.g.
[48], [141]). The first sharp result in this direction is due to Berman [16], using the
Ding functional instead of the K-energy, in the case when M is Fano. He shows
that along a geodesic ray φt constructed from a test-configuration (X,L) as above,
we have
(3.5) DF (X,L) = lim
t→∞
d
dt
D(φt) + q,
where q ≥ 0 is a rational number determined by the central fiber of the test-
configuration. An analogous formula for the K-energy, for test-configurations with
smooth total space, was subsequently obtained by Sjo¨stro¨m Dyrefelt [150]. The rela-
tion (3.5) led Fujita [92] to study the notion of Ding stability, where the Donaldson-
Futaki invariant is replaced by the asymptotic derivative of the Ding functional. As
an important application, he showed that projective space has the maximal volume
amongst Ka¨hler-Einstein manifolds of a fixed dimension, using that Ka¨hler-Einstein
manifolds are stable in this sense. This direction has been taken much further in
recent work of Fujita [91], Li [111], Li-Xu [116, 117], Liu-Xu [119], leading to new
examples of K-stable varieties, as we mention in Section 5.1.
A different direction was pursued by Boucksom-Hisamoto-Jonsson [25], who in-
troduced the point of view of thinking of a test-configuration for (M,L) as a non-
Archimedean metric on L. From this point of view the asymptotic derivative of
the Ding functional can be seen as a non-Archimedean Ding functional. Build-
ing on these ideas, and using techniques from non-Archimedean analysis [24], as
well as advances on the geometry of the space of metrics H due to Darvas [54],
Berman-Boucksom-Jonsson [18] proposed a variational approach to proving Theo-
rem 2. This approach relies far less on differential geometric methods than Chen-
Donaldson-Sun’s approach [41], and as such it may eventually lead to a solution of
the Yau-Tian-Donaldson conjecture for singular Fano varieties. At present, how-
ever, even in the smooth case it yields a weaker result than [41] since it requires
assuming uniform K-stability.
3.5. Finite dimensional approximation. In the previous section we mentioned
the idea of realizing a geodesic in H as a limit of finite dimensional Bergman
geodesics. This idea of approximating the geometry of H with that of larger and
larger spaces of Bergman metrics is a fundamental one, going back at least to work
of Tian [164] on the problem of approximating an arbitrary Ka¨hler metric ω ∈ c1(L)
on M with a sequence of metrics
ωk =
1
k
φ∗kωFS.
Here φk :M → PNk are projective embeddings given by bases of sections of kL, for
sufficiently large k. Fixing a Hermitian metric on L with curvature form ω, we have
induced L2 inner products on each space of sections H0(kL). It is then natural to
use an orthonormal basis {s(k)0 , . . . , s(k)Nk} of H0(kL) to define the embedding φk. A
calculation shows that
(3.6)
1
k
φ∗kωFS = ω +
√−1∂∂ log ρω,k,
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where the function
ρω,k =
Nk∑
i=0
|s(k)i |2
is called the Bergman kernel. Tian gave an asymptotic expansion of this function as
k →∞, which was later refined by Zelditch [179], Lu [120], Catlin [32] and others,
showing that
(3.7) ρk = 1 +
S(ω)
2
k−1 +O(k−2), as k→∞.
The lower order terms can also be computed, and are all given in terms of covariant
derivatives of the curvature tensor of ω (see Lu [120]). Note that normalising
constants in the coefficients depend on conventions for defining the L2 product on
H0(kL). In addition, integrating the expansion over M recovers the Hirzebruch-
Riemann-Roch formula. Using this expansion in (3.6) we see that ωk−ω = O(k−2),
and so indeed we can approximate an arbitrary metric ω with Bergman metrics.
Donaldson [75, 79] took this point of view further, realizing that it is advanta-
geous to approximate the entire moment map package described in Section 2 by a
sequence of analogous finite dimensional problems, a process that can be thought
of as quantization [74]. A starting point is the work of Zhang [180] and Luo [122],
relating the GIT stability of the Chow point of a projective submanifold V ⊂ PN
under the action of SL(N+1) to the existence of a special embedding of V . Letting
n denote the dimension of V , we define the matrix
M(V )jk =
√−1
∫
V
ZjZk∑N
i=0 |Zi|2
ωnFS ,
where the Zi are the homogeneous coordinates onP
N . Luo shows that GIT stability
is related to the existence of balanced embeddings, for which the matrix M(V ) is a
multiple of the identity matrix. In fact M(V ), or rather its projection to su(N +1)
can be viewed as a moment map, and zeroes of this moment map are the balanced
embeddings.
Given any embedding V ⊂ PN , we can consider the restriction of the Fubini-
Study metric on V , and then construct a new embedding using an L2 orthonormal
basis of sections of O(1)|V as above. It turns out that V ⊂ PN is a balanced
embedding if this new embedding coincides with the old one (up to the action of
SU(N + 1)), i.e. if the Bergman kernel is constant. The expansion (3.7) then sug-
gests that for a given pair (M,L), balanced embeddings using a basis of H0(kL)
for very large k ought to be related to constant scalar curvature metrics in c1(L).
Indeed, Donaldson [75] shows that if a cscK metric exists, and M admits no holo-
morphic vector fields, then M also admits balanced embeddings using a basis of
H0(kL) for sufficiently large k. Since such balanced embeddings are unique up to
the action of SU(N +1), this implies in particular that if a cscK metric exists, it is
unique. MoreoverM satisfies an asymptotic GIT stability condition, which implies
K-semistability.
By “quantizing” the K-energy as well, Donaldson [79] showed that if a cscK
metric exists, andM has no holomorphic vector fields, then the K-energy is bounded
below on H, generalizing Bando-Mabuchi’s result [13] in the Ka¨hler-Einstein case.
Going further, using such finite dimensional approximations, Donaldson [78] showed
that a destabilizing test-configuration leads to a nontrivial lower bound for the
KA¨HLER-EINSTEIN METRICS 15
Calabi functional: for any metric ω ∈ c1(L), and any test-configuration (X,L) for
(M,L) we have
‖S(ω)− S‖L2 ≥
−DF (X,L)
‖(X,L)‖2 ,
where a suitable L2-type norm on test-configurations is used for normalizing the
Donaldson-Futaki invariant. This result shows, in particular, that the existence of
a cscK metric implies K-semistability, even when M has holomorphic vector fields.
These ideas have since been developed further in many papers. A very small
sample of such developments is [125, 81, 151, 88, 145, 112, 89, 45, 146, 148].
4. Geometric and algebraic limits
Many of the ideas that we have discussed so far apply not only to the problem of
Ka¨hler-Einstein metrics, but also to more general constant scalar curvature metrics.
In this section this will no longer be the case, since it will be crucial that the Einstein
equation controls the Ricci curvature of the metric. Our goal is to present some
of the ideas involved in Chen-Donaldson-Sun’s proof of Theorem 2 [41], that is the
existence part of the Yau-Tian-Donaldson Conjecture in the Fano case.
Suppose that we have a Fano manifold M , and we are trying to find a metric
ω ∈ c1(M) satisfying Ric(ω) = ω. There are several natural “continuity methods”
for deforming a given initial metric ω0 ∈ c1(M) to a Ka¨hler-Einstein metric. One
approach is to choose a reference metric α ∈ c1(M), and then try to find a family
of metrics ωt for t ∈ [0, 1] satisfying
(4.1) Ric(ωt) = tωt + (1− t)α.
Using Yau’s theorem [177] we can solve this equation for t = 0, and using the
implicit function theorem Aubin [10] showed that the set of t for which a solution
exists is open. The remaining difficulty is then to understand what can happen to
a sequence of solutions ωtk as tk → T , for some T ∈ (0, 1]. This approach was used
in [56], based on the techniques of Chen-Donaldson-Sun.
Chen-Donaldson-Sun [41] used a variant of this, proposed by Donaldson [80],
where the ωt are Ka¨hler-Einstein metrics on the complement M \D of a suitable
smooth divisor D ⊂ M , while along D the ωt have singularities modeled on a
two-dimensional cone with cone angle 2πt. In analogy with (4.1), the metrics ωt
satisfy
(4.2) Ric(ωt) = tωt + (1− t)[D],
where [D] is the current of integration along D. Here the Ricci curvature is defined
as the curvature current of a metric on −KM induced by the volume form of ωt.
The advantage of this continuity path over (4.1) is that on M \ D the metric
ωt is Einstein, at the expense of introducing singularities along D. At the same
time in algebraic geometry it is natural to consider pairs (M,D), and metrics with
cone singularities along D are useful differential geometric counterparts (see e.g.
[30]). The relevant linear theory for the implicit function theorem was developed
by Donaldson [82], with further refinements by Jeffres-Mazzeo-Rubinstein [102], and
as in the case of (4.1) one needs to understand the limiting behavior of a sequence
ωtk as tk → T .
A somewhat different strategy is given by the Ricci flow, originally introduced
by Hamilton [98]. On a Fano manifold M the (normalized) Ka¨hler-Ricci flow is
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given by the parabolic equation
∂
∂t
ωt = ωt − Ric(ωt),
with initial metric ω0 ∈ c1(M). It was known for a long time that the flow exists
for all time [31], and the main difficulty was understanding the behavior of ωt as
t → ∞. Building on Perelman’s deep results on the Ricci flow [137] as well as
on ideas in Chen-Donaldson-Sun’s proof, Chen-Wang [49] developed the necessary
convergence theory for understanding this limiting behavior (see also Bamler [11]).
This was then used by Chen-Sun-Wang [46] to give a proof of Theorem 2 using the
Ricci flow.
We now return to the continuity method (4.1), and a sequence ωtk with tk → T .
If such a sequence (or a subsequence) converges to a solution ωT of (4.1), then
either we can further increase t using the implicit function theorem, or T = 1 and
we obtain the Ka¨hler-Einstein metric that we seek. The key question is then to
understand what happens when the sequence ωtk diverges. In this case we need to
construct a special degeneration for M with non-positive Futaki invariant.
In broad outline the strategy is the following. We first define a certain limit
space Z out of the sequence (M,ωtk) (up to choosing a subsequence), and show
that this limit can be given the structure of an algebraic variety, and in addition
Z can also be viewed as an algebro-geometric limit of the images of a sequence of
projective embeddings φk : M → PN . For simplicity suppose that T = 1. Then
the limit Z is shown to admit a possibly singular Ka¨hler-Einstein metric. If Z
is biholomorphic to M , then we obtain the Ka¨hler-Einstein metric that we were
after, but if not, then there is a special degeneration for M with central fiber Z.
This necessarily has vanishing Futaki invariant, and so M is not K-stable. The
argument is a little more involved when T < 1, since then the limit Z admits
a “twisted” Ka¨hler-Einstein metric, and we obtain a special degeneration with a
strictly negative Futaki invariant.
In the next two sections we give some more details on the construction of the limit
Z, and on relating the geometric and algebraic limits. It will be helpful to consider
a more general sequence (Mk, ωk) than that obtained from the equations (4.1),
even allowing the manifolds Mk to vary. Some aspects of the problem, such as
the convergence theory, are easier when we consider a sequence of Ka¨hler-Einstein
manifolds, however others, such as using the K-stability assumption, are easier
along a continuity method such as (4.1) (see for instance Donaldson [84] for the
difficulty in using a sequence of Ka¨hler-Einstein metrics).
4.1. Gromov-Hausdorff limits. In this section we will consider a sequence (Mk, ωk)
that are either all Ka¨hler-Einstein with volumes controlled from below, or they arise
from (4.1) or another similar continuity method. From a geometric point of view
the advantage of working with such metrics as opposed to those with just con-
stant scalar curvature is that control of the Ricci curvature allows us to extract
a Gromov-Hausdorff limit of the sequence (Mk, ωk). This is a consequence of the
Gromov compactness theorem [96] and the Bishop-Gromov volume comparison the-
orem [37]. For simplicity let us denote by Mk the metric space (Mk, ωk). Up to
choosing a subsequence of the Mk, the limit is a metric space (Z, d), such that we
have metrics (distance functions) dk on the disjoint unionsMk⊔Z, extending those
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on Mk and Z, satisfying the following: for all ǫ > 0, the ǫ-neighborhoods of both
Mk and Z cover all of Mk ⊔ Z for sufficiently large k.
While at first (Z, d) is just a metric space, a series of works by Cheeger-Colding [34,
35, 36] developed a detailed structure theory (see also Cheeger [33] for an exposi-
tion). The general theory applies to Riemannian manifolds with only a lower bound
on the Ricci curvature, and also allows collapsing phenomena, but our sequenceMk
satisfies the non-collapsing condition
Vol(B(qk, 1)) > c > 0,
for a constant c > 0, where qk ∈ Mk are some basepoints. This again uses the
Bishop-Gromov inequality, together with Myers’s Theorem and the fact that we
control the volumes of the Mk.
The basic concept is that of a tangent cone. For any p ∈ Z, and a sequence
rk → ∞ the Gromov compactness theorem can be applied to the sequence of
pointed manifolds (Z, rkd, p) and, up to choosing a subsequence, we obtain a limit
metric space Zp, called a tangent cone of Z at p. A fundamental result of Cheeger-
Colding is that in our situation these tangent cones are metric cones. More precisely
for each tangent cone Zp there is a length space Y of diameter at most π, such that
Zp is the completion of Y × (0,∞) using the metric
d
(
(y1, r1), (y2, r2)
)
= r21 + r
2
2 − 2r1r2 cos dY (y1, y2).
We write this space as C(Y ).
A point p ∈ Z is called regular, if a tangent cone Zp is isometric to Rm (in
our situation m = 2n). In fact in this case each tangent cone at p is Euclidean.
This means that if we take a sufficiently small ball centered at p, and scale it up to
unit size, then it will be very close to the Euclidean ball in the Gromov-Hausdorff
sense. But recall that for sufficiently large k, the metric space Mk is very close to
Z. This implies that we can find points pk ∈ Mk, and small balls centered at pk
which, scaled to unit size, are close to Euclidean in the Gromov-Hausdorff sense. If
the metrics ωk were Einstein, then results of Anderson [4] and Colding [51] would
show that we can choose holomorphic coordinates centered at pk with respect to
which the components of ωk are controlled in C
2,α. If all points of Z were regular,
this would mean that there is a uniform scale at which we have C2,α control of the
metrics ωk. In particular we could take a limit of the Ka¨hler structures (M,ωk),
and turn Z into a smooth Ka¨hler manifold. Note, however, that even in this case
Z may not be biholomorphic to M .
When the ωk are not actually Einstein, but rather arise from (4.1), then An-
derson’s result still applies at the regular points [161]. However, in general not
all points of Z are regular, and instead Cheeger-Colding defined a stratification
based on how close each tangent cone is to being Euclidean. More precisely, for
0 ≤ k ≤ m − 1, the set Sk is defined to be those points p ∈ Z for which no tan-
gent cone Zp splits off an isometric factor of R
k+1. They then showed that the
Hausdorff dimension of Sk is at most k and in addition Sm−1 = Sm−2, so Z is
regular outside a codimension 2 set. A key technical step in Chen-Donaldson-Sun’s
work is to improve this dimension estimate of the singular set from the Hausdorff
dimension to the Minkowski dimension - i.e. to show that there is a constant K for
which the singular set Sm−1 can be covered by Kr2−m balls of radius r, for any
r ∈ (0, 1). For even better estimates on the Minkowski dimension of the singular
set for Einstein manifolds, see Cheeger-Naber [38, 39].
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This discussion applies also to the tangent cones Zp, as well as to further iterated
tangent cones. In our situation this implies that each tangent cone Zp is a Ricci
flat Ka¨hler cone, at least outside of a codimension 2 set. In addition on the regular
set in Zp, the Ricci flat Ka¨hler metric is given by
√−1∂∂r2, where r is the distance
from the vertex of Zp.
4.2. The partial C0-estimate. The theory described in the previous section gives
a good understanding of the “geometric” limit of the spaces (Mk, ωk). In this section
we incorporate the holomorphic structure through the partial C0-estimate, which
is an idea due to Tian [165] used in his work on Ka¨hler-Einstein metrics on Fano
surfaces. For simplicity we will assume here that Mk =M , and the sequence ωk is
obtained from (4.1).
Suppose that −lKM is very ample for some large l > 0. The metrics ωk define
Hermitian metrics hk on −lKM , with curvature forms lωk. As in Section 3.5,
we have a natural projective embedding φk : M → PN obtained by using an
orthonormal basis {si} of H0(M,−lKM) for the L2 inner product
〈s, t〉L2 =
∫
M
〈s, t〉hk (lωk)n,
defined by hk. As before, the metric ωk is related to the pullback of the Fubini-
Study metric under φk by the Bergman kernel ρωk,l.
In Section 3.5 we saw the expansion (3.7) of ρωk,l as l→∞ for a fixed metric ωk,
whereas here the main interest is in obtaining bounds for ρωk,l for sufficiently large
l, which apply uniformly to a sequence of metrics ωk. Tian [165] conjectured that
if, as in our situation, we have a positive lower bound for the Ricci curvatures of
ωk, and a lower bound for the volumes, then for sufficiently large l we have a bound
ρωk,l > d > 0 from below. This is called the partial C
0-estimate, and it is equivalent
to showing that for any point p ∈M , the bundle −lKM has a holomorphic section
s satisfying ‖s‖L2 = 1, and |s|2hk(p) > d. Note that if −lKM is very ample, then
ρω,l is positive for any metric ω ∈ c1(M), and the key point is to have a uniform
lower bound along the sequence of metrics ωk.
For the details on how to use the partial C0-estimate to define the structure of an
algebraic variety on Z, see Tian [165] and more generally Donaldson-Sun [67]. Here
let us just note that a key consequence of the estimate is that there is a uniform
bound on the derivatives of the embeddings φk : (M,ωk) → PN , independent of
k. Up to further increasing the multiple of −KM that we use, this eventually leads
to the result that the Gromov-Hausdorff limit Z is homeomorphic to the algebro-
geometric limit of the images φk(M) in projective space.
Let us say a few words on the proof of the partial C0-estimate. Fixing a point
p ∈ M , for each metric ωk we must construct holomorphic sections sk of −lKM ,
for sufficiently large l, such that ‖sk‖L2,hk = 1, and |sk|2hk(p) > d > 0 for some d
independent of k. The simplest situation is when the geometry of each ωk is very
well controlled near p at a suitable scale. For instance this would be the case if ωk
did not actually depend on k (or more generally if the ωk were to converge to a
smooth metric ω on M). In this case, at a sufficiently small scale, the metrics ωk
appear to be very close to the Euclidean space (Cn, ωEuc). The trivial line bundle
overCn has metric e−l|z|
2
with curvature lωEuc, and so for sufficiently large l, there
will be a holomorphic section s with |s|2(0) = 1 and ‖s‖L2 = 1 but with s decaying
rapidly away from the origin. Using cutoff functions this section can be glued onto
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M to produce a smooth section sk of −lKM satisfying
|sk|2hk(p) ∼ 1, ‖sk‖2L2,hk ∼ 1, and ‖∂sk‖L2,hk ∼ 0.
Using the Ho¨rmander L2-technique, these sections can be perturbed slightly to
obtain the required holomorphic sections of −lKM . This method was used by
Tian [164] to find a weak form of the asymptotic expansion (3.7) of the Bergman
kernel as l → ∞, for a fixed metric ω. As we have described in Section 3.5, this
expansion has been very influential in the study of constant scalar curvature Ka¨hler
metrics.
In general we do not have such good uniform control of the local geometry of
the metrics ωk. The first more general situation that was understood was the
case of Fano surfaces, by Tian [165]. He proved an orbifold compactness theo-
rem for Ka¨hler-Einstein surfaces, using techniques employed in the study of Yang-
Mills connections by Uhlenbeck [172, 171] (see also Anderson [3] and Bando-Kasue-
Nakajima [12]). In effect this implies that at a suitable scale, the local geometry
of a non-collapsed sequence of Ka¨hler-Einstein surfaces (Mk, ωk) is modeled either
on flat C2, or its quotient by a finite group. Using this together with the L2 tech-
nique, Tian showed the partial C0-estimate for such a sequence of Ka¨hler-Einstein
surfaces.
There was little further progress until the work of Donaldson-Sun [67], who
proved the partial C0-estimate for non-collapsing sequences of Ka¨hler-Einstein man-
ifolds (Mk, ωk), generalizing the result of Tian. In the proof they combined the L
2
technique with the Cheeger-Colding structure theory that we described above. Very
roughly the structure theory, as described above, implies that the local geometry
of the (Mk, ωk) near a point pk is modeled by Ricci flat cones C(Y ). Although
Y may have singularities, the estimate on the size of the singular set ensures that
we can find a cutoff function η, supported on the regular part of C(Y ), for which
‖∇η‖L2 ≪ 1. Taking l sufficiently large, the line bundle −lKMk with its Hermitian
metric hk is modeled, at least on the regular part, by the trivial bundle over C(Y ),
with trivializing section s whose norm decays exponentially fast. One can then use
ηs to obtain a smooth section of −lKMk which is approximately holomorphic in an
L2-sense, and which can then be perturbed to a genuine holomorphic section sk. A
gradient estimate is then used to show that |sk|2(pk) > d for a controlled constant
d > 0, while ‖sk‖L2 ∼ 1, as required.
Shortly after Donaldson-Sun’s work, the partial C0-estimate was proven in var-
ious other settings. In their proof of the Yau-Tian-Donaldson conjecture, Chen-
Donaldson-Sun [43, 44] proved it for Ka¨hler-Einstein metrics with conical singu-
larities, while Phong-Song-Sturm [138] extended Donaldson-Sun’s work to Ka¨hler-
Ricci solitons using also some techniques of Tian-Zhang [168]. In [161] we showed
that it holds along the continuity method (4.1). The ideas have also been applied
to the Ka¨hler-Ricci flow, by Tian-Zhang [169] in dimensions up to 3, and Chen-
Wang [49] in general. These results on the Ka¨hler-Ricci flow also led to a proof of
Tian’s general conjecture on the partial C0-estimate, for a non-collapsed sequence
of Ka¨hler manifolds with only a positive lower bound on the Ricci curvature (see
Jiang [103] for dimensions up to 3, and Chen-Wang [49] in general).
4.3. The K-stability condition. In the previous sections we have described how
out of a sequence (M,ωk) along the continuity method (4.1), or from a sequence
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of Ka¨hler-Einstein metrics, or even from a sequence along a solution of the Ka¨hler-
Ricci flow one can construct a limit Z, which has the structure of an algebraic
variety. This limit variety can be singular, although it is always normal with log
terminal singularities. In addition one can show that Z admits a singular Ka¨hler
metric, which satisfies either an analog of the equation (4.1) with t = T (where recall
that T = limk→∞ tk), is Ka¨hler-Einstein, or is a Ka¨hler-Ricci soliton in the case of
the Ricci flow. In this section we will explain how the K-stability assumption onM
can be used to show that in the limit we obtain a Ka¨hler-Einstein metric on M . In
addition we discuss some of the developments regarding singular Ka¨hler-Einstein
metrics, as they play an important role in the proof of the Yau-Tian-Donaldson
conjecture.
Let us suppose that we are working with a continuity method such as (4.1), we
have T = 1, and for simplicity assume that Z is smooth. Note that Z then admits a
Ka¨hler-Einstein metric, and the goal is to show that if M is K-stable, then actually
Z ∼= M . To see this, note first that Matsushima’s Theorem [126] implies that the
automorphism group of Z is reductive. On the other hand, Z can also be viewed
as an algebraic limit of the projective varieties φk(M) ⊂ PN , for a sequence of
embeddings φk : M → PN , and so in a suitable Hilbert scheme, Z can be viewed
as an element in the closure of the GL(N +1)-orbit of M . From this point of view
it is the stabilizer of Z under the GL(N + 1) action that is reductive, and then
an appropriate version of the Luna slice theorem [121, 83] implies that there is a
special degeneration forM , whose central fiber is Z. Futaki’s result [93] furthermore
implies that the Futaki invariant of this special degeneration must vanish. If M is
K-stable, then necessarily Z ∼=M , and so M admits a Ka¨hler-Einstein metric.
Suppose now that T < 1, and that for simplicity Z is smooth. Under Chen-
Donaldson-Sun’s continuity method (4.2) one obtains a limiting Ka¨hler-Einstein
metric on Z, with cone singularities along a divisor D∞. The strategy is then
to apply the argument used above, but to the pairs (M,D) and (Z,D∞). More
precisely, one shows, using the equation on Z, that in a suitable Hilbert scheme
of pairs the stabilizer of (Z,D∞) is reductive, and from this one constructs a test-
configuration X for (M,D) with central fiber (Z,D∞). The Donaldson-Futaki
invariant has a natural generalization to pairs [82], called the log Futaki invariant
DF (X, (1 − T )D), depending on the divisor D as well as the “angle” parameter
T such that DF (X, 0D) = DF (X). It is shown in [44] that DF (X, (1 − T )D) =
0, since in fact the log Futaki invariant of any vector field on the pair (Z, (1 −
T )D∞) vanishes. This uses the existence of a conical Ka¨hler-Einstein metric on Z.
In addition DF (X,D) > 0, which corresponds to an existence result for Ka¨hler-
Einstein metrics with cone singularities that have small cone angles. Since the log
Futaki invariant is linear in the angle parameter, it follows that DF (X) < 0.
Using the continuity method (4.1) is a bit more cumbersome, because in that
case instead of working with pairs of the form (M,D) that can be parametrized
by a Hilbert scheme, we need to work with pairs (M,α), where α is a (1,1)-form,
or even a current, and the Luna slice theorem does not apply directly in this in-
finite dimensional setting. In [56] we overcome this problem by an approximation
argument, which we now outline.
The starting point is to show that out of a sequence of solutions to (4.1) with
ti → T , we obtain a limiting metric ωT on the space Z satisfying the equation
Ric(ωT ) = TωT + (1− T )β,
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where β is a positive (1, 1)-current on Z. This can be used to show that the
automorphism group of the pair (Z, β), suitably defined, is reductive, and moreover
a version of the log Futaki invariant of the pair (Z, (1−T )β) vanishes for all vector
fields. The missing piece for exploiting this as above is to find a test-configuration
for M with central fiber Z, under which the form α on M converges to the current
β on Z, but in the end we are not able to do this. Instead, in order to apply a
result such as Luna’s slice theorem, the idea is to approximate the currents α and
β with currents of integration along divisors.
Note first that according to Shiffman-Zelditch [149], we can write α as an average
of currents of integration [M ∩ H ] for hyperplane sections of M , under a suitable
projective embedding M ⊂ PN . As discussed above, the geometric limit space
Z is also an algebraic limit limk→∞ ρk(M) for automorphisms ρk of PN . We can
arrange that the limits ρ∞(H) = limk→∞ ρk(H) exist for all hyperplanes H and
so β is an average of the hyperplane sections [Z ∩ ρ∞(H)] of Z. This can be used
to show that a suitable tuple (Z, ρ∞(H1), . . . , ρ∞(Hl)) has the same automorphism
group as (Z, β). One simple example to keep in mind is when Z is a line in P2,
and β is the Fubini-Study metric. In this case the automorphism group of (Z, β) is
trivial under our definition, and so we must “mark” Z with at least 3 hyperplane
sections to have a tuple with the same automorphism group.
We can argue as before with these tuples, and we obtain a test-configuration
X for M with central fiber Z, such that in addition the limits of the hyperplanes
H1, . . . , Hl under this test-configuration are ρ∞(H1), . . . , ρ∞(Hl). However, since
we do not know that the form α converges to β under this test-configuration, we
cannot say anything about the Donaldson-Futaki invariant of X . To overcome this
we choose enough hyperplane sections so that by an approximation argument the
log Futaki invariant of the tuple is close to that of the pair (Z, β). It remains then
to use this to show that DF (X) < 0, contradicting K-stability of M , unless we
actually have Z ∼= M and β = α, so that the continuity method can be continued
past t = T .
To conclude this section we make some remarks about the situation when the
limit space Z is not smooth. The overall strategy remains the same, but there are
substantial technical difficulties in carrying it through. To start with, one needs
to make sense of the Ka¨hler-Einstein equation (or more general equations such as
(4.1)) on a singular variety Z. Working on a resolution of singularities π : X → Z,
the equation is equivalent to a complex Monge-Ampe`re equation
(ω +
√−1∂∂φ)n = eF−φdV,
on X , where dV is a smooth volume form, however the function F need not be
bounded, and the form ω is only non-negative. More precisely we have 0 ≤ eF ∈ Lp
for some p > 1, and ω is also big, i.e.
∫
X ω
n > 0. It cannot be expected that φ
is twice differentiable, and so the equation needs to be defined in a weak sense.
This was done for the local theory of the complex Monge-Ampe`re operator by
Bedford-Taylor [14]. Further important progress in understanding such Monge-
Ampe`re equations with right hand side in Lp was made by Ko lodziej [109] using
techniques of pluripotential theory. A detailed study of Ka¨hler-Einstein metrics on
singular varieties is given in Eyssidieux-Guedj-Zeriahi [87].
The lack of regularity of such a Ka¨hler-Einstein metric at the singular points
means that results such a Matsushima’s Theorem on the automorphism group and
the vanishing of the Futaki invariant cannot be generalized in a straightforward way.
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Instead Chen-Donaldson-Sun [44] proved these results in the singular setting using
the theory of geodesics and Berndtsson’s convexity and uniqueness results [22].
It is natural to expect that Theorem 2 can be extended to Q-Fano varieties,
and indeed Berman [16] showed that Q-Fano varieties admitting (singular) Ka¨hler-
Einstein metrics are K-stable. The converse, however, is so far only known for
smoothable Q-Fanos, by work of Spotti-Sun-Yao [154].
5. Applications
In this final section we briefly survey some applications of the Yau-Tian-Donaldson
conjecture for Fano manifolds, and the techniques involved in its solution. The first
is perhaps the most direct type of application, namely obtaining new examples of
Ka¨hler-Einstein manifolds. The second and third are more theoretical, on under-
standing the moduli space of Fano Ka¨hler-Einstein manifolds, and the behavior of
singular Ka¨hler-Einstein metrics at the singular points.
5.1. New examples. According to Theorem 2, K-stability is a necessary and suf-
ficient condition for a Fano manifold M to admit a Ka¨hler-Einstein metric. As
such it is natural to expect that the result can be used to show the existence of
new Ka¨hler-Einstein metrics. Unfortunately for any given Fano manifold M of di-
mension at least two, there are infinitely many possible special degenerations, and
so at present there is no general method for testing K-stability. On the other hand
there are special circumstances in which one can show that certain varieties admit
a Ka¨hler-Einstein metric.
In the two-dimensional case, Tian [165] used the α-invariant [163] and its refine-
ments, to show that any Fano surface with reductive automorphism group admits
a Ka¨hler-Einstein metric. More generally, calculations of the α-invariant, and re-
lated concepts such as Nadel’s multiplier ideal sheaves [128], lead to many examples
of Ka¨hler-Einstein manifolds (see e.g. [40, 59]). Recently Fujita [91] showed that
Fano n-foldsM with α-invariant α(M) = n/(n+1), which are borderline for Tian’s
criterion [163], are still K-stable, and as such they admit Ka¨hler-Einstein metrics.
A different source of examples where K-stability can be checked effectively is
Fano manifolds M with large automorphism groups, since in [56] we showed that
it is enough to check special degenerations that are compatible with the automor-
phism group. For instance if M is a toric manifold, then the only torus equivariant
special degenerations for M are products, and so M admits a Ka¨hler-Einstein met-
ric whenever the Futaki invariants of all vector fields on M vanish (this result is
originally due to Wang-Zhu [175], using different methods). This result has re-
cently been generalized to reductive group compactifications by Delcroix [58] using
analytic methods. Subsequently, by classifying equivariant special degenerations,
Delcroix [57] generalized this result to spherical varieties, giving new examples of
Ka¨hler-Einstein manifolds.
A more general setting is complexity-one spherical varieties [170], for instance
Fano n-folds with an effective action of an (n − 1)-dimensional torus. The equi-
variant special degenerations of these complexity-one T-varieties were classified by
Ilten-Su¨ß [101], using the theory of polyhedral divisors [2] and as an application
they obtained several new examples of K-stable Fano 3-folds.
Theorem 2 was generalized to the setting of Ka¨hler cones in [52] and, combined
with the methods of Ilten-Su¨ß [101], this lead to new examples of Ricci flat Ka¨hler
cones. As we discussed in Section 4.1, such Ka¨hler cones arise as tangent cones
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of Gromov-Hausdorff limits of Ka¨hler-Einstein manifolds, but they have also been
studied extensively from the point of view of Sasakian geometry [95, 26, 152]. To
give a simple example, consider the affine varietyMp,q ⊂ C4, given by the equation
xy + zp + wq = 0. This has a natural action of a 2-torus, acting diagonally on
C4. Using K-stability, it is shown in [52] that Mp,q admits a Ricci flat Ka¨hler
cone metric compatible with the torus action, if and only if 2p > q and 2q > p.
These two conditions correspond to the calculation of a Donaldson-Futaki invariant
for two torus equivariant degenerations of Mp,q, to the hypersurfaces given by the
equations xy + zp = 0 and xy + wq = 0 respectively.
For manifolds without such large symmetry groups, the general approach of
Tian [165] for Fano surfaces has recently been revisited in the work of Odaka-
Spotti-Sun [134], Spotti-Sun [153] and Liu-Xu [119]. Here, given a family of Fano
manifolds some elements of which are known to be Ka¨hler-Einstein, one tries to find
new Ka¨hler-Einstein manifolds using a continuity method in the family. The key
problem is to classify the possible Gromov-Hausdorff limits of Ka¨hler-Einstein man-
ifolds in the family. Using this method, and combined with work of Fujita [91], Liu-
Xu [119] showed that all smooth 3-dimensional Fano hypersurfaces admit Ka¨hler-
Einstein metrics. Ultimately such a study can lead to a complete understanding
of the Ka¨hler-Einstein moduli space and its compactification, as we will discuss in
the next section.
While a general algorithm for testing K-stability seems to be some ways off at
present, it seems likely that these techniques will lead to many more examples.
5.2. The moduli space of Ka¨hler-Einstein manifolds. A basic question in
algebraic geometry is to understand the moduli space of a certain manifold, as well
as its compactifications. Perhaps the most well known example is the Deligne-
Mumford compactification of the moduli space of hyperbolic Riemann surfaces.
This compactification of the moduli space of smooth Riemann surfaces is obtained
by adding certain “stable” curves with nodal singularities, and the degeneration of
smooth curves to these singular ones can in turn be modeled differential geometri-
cally by degenerating families of hyperbolic metrics.
Canonically polarized manifolds are a higher dimensional generalization of hy-
perbolic Riemann surfaces and compact moduli spaces are obtained by adding the
“KSBA-stable” varieties (see Kolla´r-Shepherd-Barron [108] Alexeev [1], and the
survey [107]). It is interesting to note that the KSBA-stable varieties were subse-
quently found to coincide with the K-stable varieties by work of Odaka [131], and
furthermore Berman-Guenancia [20] showed that these all admit (singular) Ka¨hler-
Einstein metrics. To complete the analogy with hyperbolic Riemann surfaces it
remains to understand the convergence of smooth Ka¨hler-Einstein metrics to the
singular ones on a metric level. We emphasize that in the canonically polarized
setting all smooth manifolds admit Ka¨hler-Einstein metrics with negative Ricci
curvature by Yau’s theorem [177], and K-stability only enters in picking out the
right type of singular varieties to allow.
By contrast, in the Fano case one cannot form a Hausdorff moduli space contain-
ing all the smooth manifolds, since there are non-trivial families over C that are
isomorphic to a product over C∗. For instance any non-trivial test-configuration
for a Fano manifold with smooth central fiber gives such a family. One can hope,
however, that K-stable Fano manifolds form good moduli spaces, and that a com-
pactification is obtained by including certain singular K-stable varieties. Moreover
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this compact moduli space should agree with the space of Ka¨hler-Einstein Fano
manifolds, compactified using the Gromov-Hausdorff topology. A first step is to
understand the neighborhood of a Ka¨hler-Einstein manifold in the moduli space.
In [159] (see also Bro¨nnle [27]) we proved that given a Ka¨hler-Einstein manifold
M , its small deformations that admit KE metrics are precisely the ones that are
(poly)stable for the action of Aut(M) on the deformation space ofM . Thus a small
neighborhood ofM in the moduli space is modeled by a GIT quotient for the action
of Aut(M).
In the case of surfaces, a global study of the moduli space of Ka¨hler-Einstein man-
ifolds was achieved by Odaka-Spotti-Sun [134], who explicitly identified the com-
pactified moduli space in terms of certain algebro-geometric compactifications. In
higher dimensions Spotti-Sun-Yao [154] and Li-Wang-Xu [114] showed that smooth-
able K-stable Q-Fano varieties, i.e. the ones that we expect to appear in the com-
pactified moduli space, all admit singular Ka¨hler-Einstein metrics, which in addition
can be obtained as Gromov-Hausdorff limits of smooth KE metrics. Regarding the
global structure of the moduli space, the smoothable K-stable Q-Fano varieties are
parametrized by a proper algebraic space by work of Odaka [132] and Li-Wang-
Xu [114], and moreover the K-stable smooth Fanos form a quasi-projective variety
by Li-Wang-Xu [115]. It remains to understand more precisely what varieties these
moduli spaces parametrize in analogy with Odaka-Spotti-Sun’s work [134] on sur-
faces, but as we mentioned above, there are special cases where progress has been
made, such as in the case of degree 4 del Pezzo manifolds by Spotti-Sun [153] and
cubic threefolds by Liu-Xu [119].
5.3. Asymptotics of singular Ka¨hler-Einstein metrics. In Section 4.3 we dis-
cussed how singular Ka¨hler-Einstein metrics play an important role in the proof
of Theorem 2. Of particular interest are those singular Ka¨hler-Einstein varieties,
which arise as limits of smooth Ka¨hler-Einstein manifolds, in view of the impor-
tance of forming complete moduli spaces of Fano manifolds [134, 154, 132, 114], as
well as Calabi-Yau manifolds [181]. We do not yet have a detailed understanding
of the behavior of such singular Ka¨hler-Einstein metrics near the singular points,
although much progress has been made. Such an understanding would be necessary
in order to use differential geometric techniques on these singular spaces (see e.g.
[30, 97] for such applications).
A first step in understanding the metric behavior near the singular points is to
understand the metric tangent cone, as discussed in Section 4.1. In the general
Riemannian context the tangent cone may depend on the sequence of rescalings
chosen to construct it, but in the setting of Ka¨hler-Einstein manifolds Donaldson-
Sun [66] showed that the tangent cone is unique, and it has the structure of an affine
variety. They also made progress towards an algebro-geometric description of the
metric tangent cone, and conjectured that in general the tangent cone at a point
x ∈M of a singular Ka¨hler-Einstein metric onM can be determined from the germ
of the singularity (M,x) using K-stability. Note that it is not always the case that
the germ of the tangent cone at the vertex is biholomorphic to the germ (M,x).
For example (see [157], [99]) there is a Calabi-Yau metric on a neighborhood of the
origin in the hypersurface xk0 + x
2
1 + x
2
2 + x
2
3 = 0 in C
4 whose tangent cone at the
origin is given by C×C2/Z2, if k > 4.
An important special case of this conjecture for singular Calabi-Yau varieties
was proven by Hein-Sun [100], namely when the germ (M,x) is isomorphic to
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the germ (C, 0) of a Ricci flat Ka¨hler cone C at its vertex, and C satisfies some
additional technical conditions. This uses some ideas of Li [111] and Li-Liu [113] on
an alternative characterization of K-semistability based on the work of Fujita [92]
we mentioned in Section 3.4. Using this, Hein-Sun showed that the singular Ricci
flat metric on M near x is asymptotic, in a strong sense, to the Ricci flat metric on
C. Recently, using more algebro-geometric techniques, Li-Xu [117] have also made
significant progress towards resolving Donaldson-Sun’s conjecture, and they have
announced a complete solution.
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